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Abstract

The study of highly intense laser plasmas gives rise to various wide-ranging
potential applications and as a result, has been of extensive amount of
interest. Some of the applications include laser-driven fusion, laser-based
plasma accelerators, X-ray lasers, higher harmonic generations, etc. For
all these processes the laser beam propagation needs to occur over several
Rayleigh lengths while preserving interaction with plasmas. When a Laser
is focused into some material (Plasma in my case), it has a tendency to
diverge due to diffraction. For high power applications, we require a laser
beam of very small dimension (of the order of few wavelengths). As laser
has a natural tendency to diverge, we can’t propagate it over a long length
which is required for the applications mentioned above. So, we need ways
to guide them.

Earlier studies have largely been confined to single beam Self-focusing, I
have investigated the phenomena of cross-focusing, i.e. two beam focus-
ing of a Gaussian laser beam in plasma under Relativistic non linearity.
The ionization of air into plasma using the process of tunnel ionization
has been slightly explored. The interaction of two Gaussian laser beams
with plasma has been explored and analysed. A high and low power laser
beams are taken simultaneously. The second-order ordinary differential
equations for beam width of both the lasers are derived by adopting WKB
and paraxial approximations. The graphs between propagation distance
and beam width for various transverse components have been plotted.
Using the established laser and plasma parameter values, conditions for
optimized cross-focusing have been noted.The high power laser beam cre-
ates a channel which propagates the low power beam to a longer distance.
The outcomes can be used in various applications mentioned above also
my theory can be extended to consider multiple beam focusing.
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Chapter 1

Theory

In this chapter, we introduce plasma as a fourth state of matter, ionization and pro-
duction of plasma, tunnel ionization, laser-plasma interaction with different types of
non-linearities, and finally self-focusing & defocusing of laser beam in plasma.

1.1 Ionization and Plasma

When gas is made to heat or energy is added to it, ionization of the atoms take place,
forming what is called plasma. The term “fourth state of matter” for plasma was first
given by W. Crookes in 1879 that described the ionized medium created in a gas discharge.
The term “plasma” was first introduced in 1929 by Tonks and Langmuir. Plasma can
be defined as a collection of charged and neutral particles which shows collective be-
haviour and admits quasi-neutrality. The term quasi-neutrality means that plasma
should be neutral overall macroscopically. In small distances, the number of ions and
electrons may differ causing small local electric fields. Collective behaviour means that
each plasma particle interacts with a large number of other particles via long range elec-
tromagnetic forces and shows a simultaneous response of many particles to an external
stimulus. Mutual shielding of plasma particles is an example of collective behaviour. It
requires plasma dimensions to be greater than the Debye shielding length λd of the ions.
It should exist for a period of time larger than the response time i.e., T > ω−1

p where
ωp is the plasma frequency. Finally, number of particles within the Debye sphere in such
a collection should be large enough so that it can be treated statistically. Plasma can
be created by different kinds ionization of gases like tunnel ionization, and photoioniza-
tion.

1.2 Types of ionization

When a laser pulse travels through a gas, it can cause the gas to become ionized. Ioniza-
tion can happen through two main processes: electron collisions or the direct influence
of intense laser fields, known as photo-ionization. When the laser intensity is moderate
i.e. < 1014W/cm2 (with an electric field strength lower than the atomic Coulomb field),

8



atom ionization is primarily triggered by collisional or avalanche processes. This occurs
within a few picoseconds. However, at higher intensity levels i.e. > 1014W/cm2 (where
the electric field strength is comparable to the Coulomb field), atoms are ionized through
photo-ionization. This process leads to the formation of plasma on a subpicosecond time
scale.
In addition to the laser’s intensity, there are two additional factors called pulse frequency
and duration that play a role in determining the ionization processes. When the laser has
high intensity and a short pulse duration compared to the collision time, photoionization
becomes the dominant process. Photoionization can occur through either tunneling or
multiphoton processes.
To determine which one of the two photoionization processes takes place, some 40 years
ago Keldysh (1965) and Perelomov et al. (1966) introduced a parameter now called
Keldysh parameter γ given as [6]:

γ = ωL

√
2Eion

IL
(1.1)

(i) For γ < 1, tunneling takes place
(ii) For γ > 1, multiphoton ionization takes place.

1.2.1 Tunnel Ionization

The ionization that we will be studying to create plasma channel in air is tunnel ioniza-
tion. It is a fundamental process in intense laser-atom interaction. When the electric
field strength of the laser pulse and the binding coulomb field inside the atom become
comparable, a potential barrier is formed through which an electron of the atom can
tunnel out. It is a quantum mechanical phenomenon as it gives a non-zero probability for
observing particle after tunnelling through the deformed Coulomb potential barrier. If
the intensity of the laser is further increased, the laser field tend to suppress the potential
barrier to an extent that electron is able to escape from the atom freely, as illustrated in
Fig. 1.1(a). This is called over the barrier ionization (OTBI) or barrier suppression ion-
ization (BSI) [13]. The tunnelled electron is then driven by the laser field and can return
back to the parent ion and can initiate many interesting phenomena like higher-order
harmonic generation, enhanced multiple ionization, etc.

1.2.2 Multiphoton Ionization

In the context of multi-photon ionization, numerous photons are absorbed simultaneously.
The energy equilibrium of this process, taking into account N photons with absorbed en-
ergy, can be expressed as follows:

EI + Ek + Eint = Nhν

where N is the minimum number of photons required for the MPI process, Ek is the
kinetic energy of the ejected electron and Eint is the internal rotational and vibrational
energy of the system directly after the ionization process. Above threshold ionization

9



Figure 1.1: (a) Tunneling Ionization (b) Barrier suppression ionization (BSI)

[13]

refers to a phenomenon where, at higher intensities, an electron has the ability to absorb
a greater number of photons than the minimum required for ionization. In this case, the
electron absorbs N + M photons, surpassing the minimum threshold.

Figure 1.2: (a) Multiphoton Ionization (b) Above threshold ionization (ATI)

[13]

1.3 Self Focusing and defocusing of Laser Beam

The propagation of laser through plasma results in generation of several instabilities like
filamentation, self-focusing, generation of harmonics, and scattering instabilities,etc. The
coupling efficiency of laser plasma is hugely affected on account of these nonlinear phe-
nomena.
Self-focusing and self-trapping are two examples of these nonlinear optical effects which
may arise from one of many physical mechanisms. Self-focusing is a non-linear optical
phenomenon that is produced by the change in refractive index of the medium as a result
of laser beam passing through it. If the refractive index of medium increases with the
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increase electric field intensity, it will act as focusing lense.
Self-focusing of light was discovered by Gurgen Askaryan. The phenomenon was predicted
by Askaryan [8] theoretically including thermal and ponderomotive force nonlinearities.
Akhmanov et al. [1] developed a paraxial theory to study the laser beam propagation
in a medium having cubic nonlinearity. After that, the paraxial theory for self-focusing
has been used widely in literature. In 1964, Hercher [9] was the first who observed self-
focusing experimentally. [13]

When an intense laser beam is incident on a nonlinear medium, the refractive index of
the medium becomes intensity (I) dependent given by

η = η0 + η2 (1.2)

where η0 and η2 are the linear and nonlinear respectively. Due to diffraction, the laser
beam becomes defocused. For self-focusing to take place power of the beam should be
greater than the critical power required to overcome diffraction i.e.,

P > Pcr =
λ2

2πη0η2
(1.3)

In case of plasma, the refractive index including the nonlinear effects is given by Esarey
et al. [5] as

η(r) = 1−
ω2
pn(r)

2ω2η0γ(r)
(1.4)

where ωp the plasma frequency, ω is the laser frequency of the incident laser beam, n0 is
the plasma density, n is the local electron plasma density and γ is the relativistic factor.
[3]
(i) when P = Pcr, the beam will propagate without any convergence and divergence
creating a self channel;
(ii) when P < Pcr, the beam will diverge;
(iii) when P > Pcr, the beam will self focus and convergence will occur.

1.3.1 Ponderomotive Self Focusing

It is the kind of self-focusing that occurs in the presence of ponderomotive force. Pon-
deromotive force is a non-linear force experienced by charged particles in plasma as a
result of laser intensity gradient fig(1.3). It is given by,

F⃗p = − e2
4mω2

∇⃗E2 (1.5)

where m is the mass of the electron, e is the charge on an electron, E is the electric field
of the laser beam, and ω is the angular frequency of the laser beam. For example, let us
take a laser beam such that its intensity is maximum at the center and decreases rapidly
radially outwards. The direction of the gradient of laser intensity is from lower field to
higher field region. Ponderomotive force will act in the direction opposite of the laser
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intensity gradient (because of the negative sign) and will push the electrons from higher
field region to the lower field region. The force on ions will be negligible due to their
heavy mass. [16, 12, 10]

Figure 1.3: Ponderomotive Force effect on electrons

[13]

When such a beam passes through a plasma, the phase velocity of the wave is going to be
minimum on the axis, because of increased refractive index and increases constantly away
from it. As the wave fronts propagate through such a duct, it gains a curvature and begins
to focus fig(1.4). Focusing leads to an increase in intensity which causes further deeper
density depression and it goes on. After a point the duct becomes completely depleted
of plasma and diffraction divergence supersedes the nonlinear self-focusing. The beam
will acquire a minimum radius at some point beyond which it diverges. As beam width
increases, the axial intensity starts to decrease and the saturation effect of non-linearity
becomes less important, non-linear refraction becomes stronger and self-focusing starts.
Hence, we can see periodic focusing and defocusing. We can choose a radiation intensity
profile for which self-focusing and diffraction effects are evenly balanced and the beam
propagates as a spatial soliton. [4]

This non-linearity is important in long pulse experiments where power densities are usu-
ally low and we will be focusing more on this non-linearity as we are using it in our
experiment. But let us briefly go through other types of non-linearities as well.

1.3.2 Relativistic Self Focusing

At very high power densities of more than 1018W/cm2, electron oscillatory velocity tends
towards velocity of light. Hence, the relativistic mass of electron increases with laser
beam intensity, causing local increase in the refractive index. It is an instantaneous phe-
nomenon and is important at short pulse experiments. [7, 2, 16]
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Figure 1.4: (a) Intensity profile and density depression. (b) Wavefront at different values of z

[4]

The propagation of an intense laser beam in a plasma can result in self focusing by
creating a density depression in the plasma, as well as by increasing the electron mass
by relativistic effects. The density depression is due to a transverse ponderomotive force,
which tends to expel the plasma from the high field regions. The radial ponderomotive
force on electrons is larger than that on the ions by a factor equal to the mass ratio.
The electrons forced out of the laser beam region set up an electrostatic restoring force,
which causes the ions to be expelled on a slower time scale. The charge separation that
causes the electrostatic restoring force extends over a Debye length, which is assumed to
be small compared with the laser-beam radius. This density depression creates a local
increase in the effective index of refraction and acts as an optical guide for the laser beam.
In addition to this self-focusing mechanism, a further reduction in the plasma frequency
occurs in the region of high field intensity due to relativistic mass increase of the electrons
in the presence of the laser beam. The self-focusing due to the density depression occurs
on a longer time scale than the self-focusing due to the relativistic mass increase.
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1.3.3 Ohmic Self Focusing

When the time duration of the electromagnetic beam is longer than temperature relax-
ation time of plasma, Ohmic heating of electrons comes into play. It can modify refractive
index of plasma by changing the electron density. But in this case the electrons migrate
from the high intensity regions to low intensity regions due to the temperature gradient
produced by incident laser beam. [16, 11]

1.4 Cross-Focusing of two Co-axial Gaussian laser

beams

Self-focusing can focus a beam itself whereas Cross-focusing means a high intensity laser
beam has created a channel that also guides a low intensity laser beam.

When the beam intensity is very high, electron velocity becomes comparable to the
velocity of light and the mass of electron becomes relativistic. So, mass increases with
velocity. When there are two laser beams then both the lasers impart oscillatory velocities
to electrons and they consequently contribute to enhancement of mass. The enhancement
in mass decreases the effective plasma frequency and the refractive index goes up which
causes the convergence of the beam creating a channel that guides the other lower power
beam too.

1.4.1 Gaussian Laser beam

The intensity distribution of Gaussian laser beam can be written as [14]:

A2
0 =

E2
0

f 2
e
− r2

r20f
2 (1.6)

where f(z) denotes dimensionless beam width parameter, r0 is the radius of laser beam
at z=0, r0f gives instantaneous radius of laser beam.
From fig(1.5), we can see how the beam is truncated around the center and the intensity
goes to zero as we go axially outwards.
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Figure 1.5: The waist of a Gaussian beam is defined as the location where the irradiance is
1/e2 of its maximum value

[LaserOptics2024]
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Chapter 2

Theoretical and Numerical
Analysis

2.1 Formation of Plasma Channel in air

Let us take the gas made up of nitrogen atoms (as air is made up of 78% of nitrogen).
First ionization energy of nitrogen atom is ≈ 14.6eV. Keldysh parameter is obtained as:
ωL ≈ 1015rad/s, IL = 1015W/cm2

γ ≈ 7× 10−4 ≪ 1

Therefore, tunnel ionization will take place in this case and it will ionize the air in time
less than the pulse scale.
Following Keldysh, the rate of tunnel ionization of an atom in some given state of ion-
ization is given as: [6]

τ =
4me4

ℏ
(
Ei

Eh

)5/2
Ea

EL(t)
exp[

−2

3
(
Ei

Eh

)3/2
Ea

EL(t)
] (2.1)

where Ei and Eh, are the ionization potentials of the atom and hydrogen respectively,
Ea = 5.1×109V/m and EL is the instantaneous laser field. When a laser pulse, character-
ized by its intensity of 1014W/cm2, traverses through the air, it rapidly causes ionization
of the constituent molecules. This ionization process leads to the formation of a cylin-
drical plasma channel. The density of the plasma exhibits a broad peak near the center
of the laser axis but decreases rapidly towards the periphery. When the intensity of the
pulse is below 1014W/cm2, the nitrogen atoms do not completely lose their orbiting elec-
trons.
However, following the passage of the pulse, as the electrons collide with the partially ion-
ized atoms, they are efficiently stripped of all their electrons within a timeframe ranging
from picoseconds to subnanoseconds.
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2.2 Effective Dielectric Constant

When a Gaussian laser beam travels through plasma, the evacuation of electrons occurs
from the higher-intensity region as a result of ponderomotive force. This modifies electron
density of plasma as[14] :

ne = n0 + δn

m = m0 + δm
(2.2)

This modified electron density will affect the dielectric function of plasma as[14]

ϵr = ϵ0 −
n0e

2

m0ϵ0
− (

δn

n0

− δm

m0

)
e2n0

m0ϵ0
(2.3)

where ωp is the plasma frequency in the absence of laser beam. It can be seen that the
dielectric constant becomes a function of intensity of the laser beam.
Separating dielectric function into linear and nonlinear terms for first laser beam, we get

ϵr(ω1) = ϵr0 + ϕ1(A1A
∗
1) (2.4)

Separating dielectric function into linear and nonlinear terms for second laser beam, we
get[14]

ϵr(ω2) = ϵr1 + ϕ2(A2A
∗
2) (2.5)

where ϵr0 = 1− ω2
p

γω2
1
,

ϵr1 = 1− ω2
p

γω2
2
,

ϕ1(A1A
∗
1) =

ω2
p

ω2
1
(1− 1

γ
),

ϕ2(A2A
∗
2) =

ω2
p

ω2
2
(1− 1

γ
),

also γ = (1 +
(

eA1
mω1c

)2

2
+

(
eA2
mω2c

)2

2
)
1
2

2.3 Theoretical Considerations

Many works have been done until now to find the analytical approach to investigate
cross-focusing in nonlinear media. Here, we are going to consider the approach based on
parabolic wave equation. Using two Maxwell’s equations viz. Faraday’s law and Am-
pere’s Law for the case of non-conducting, non-absorbing, and an isotropic medium

(J = 0, ρ = 0, µ = 1)

∇⃗ × H⃗ =
∂D

∂t
= iωµ0H⃗ (2.6)

∇⃗ × E⃗ = −∂B
∂t

= −iωϵ0ϵLE⃗ (2.7)
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where E⃗ & H⃗ represent electric and magnetic field for the incident laser beam. D⃗ repre-
sents displacement vector.
We also know, [14]

ϵr = ϵL +
iσ

ωϵ0
(2.8)

Taking curl of (2.7), we get,

∇⃗ × (∇⃗ × E⃗) = −iωµ0(∇⃗ × H⃗) (2.9)

∇⃗ × (∇⃗ × E⃗) = iωµ0(−iωϵ0ϵrE⃗) (2.10)

∇⃗ × (∇⃗ × E⃗) =
ω2

c2
ϵrE⃗ (2.11)

By vector property, we know that,

∇⃗ × (∇⃗ × E⃗) = −∇⃗2E⃗ + ∇⃗.(∇⃗.E⃗) (2.12)

So,

−∇⃗2E⃗ + ∇⃗.(∇⃗.E⃗) = ω2

c2
ϵrE⃗ (2.13)

We have ignored the term ∇(∇.E) on account of 1
k2
|∇2(lnϵ)| ≪ 1.

Ignoring it, we get,

∇2E +
ω2

c2
ϵE = 0 (2.14)

The solutions of Eq(2.14) can be written in the form of planar wave as

E(r, z) = A(r, z)exp[i(ωt− kz)] (2.15)

where

k2 =
ϵω2

c2

And similarly for two laser beams of frequency ω1 and ω2,

Ej(r, z) = Aj(r, z)e
i(ωjt−kjz) (2.16)

where k2j =
ϵrjω

2
j

c2
,

and j = 1,2

Now, substituting for E from Eq(2.14) in Eq(2.16), we get

∇2E =
ϵrj
c2
∂2E

∂t2
(2.17)

18



2.3.1 The Parabolic Equation

For a nonlinear medium, permittivity takes the nonlinear form as

ϵ(ωj) = ϵrj + ϕj(EjE
∗
j ) (2.18)

In this case, general solution of Eq(2.17) cannot be obtained. However, we can find a
solution considering common experimental situations like slowly converging/ diverging
cylindrically symmetric beams. Their wavefront will not be very different from a plane
wavefront when ϕ≪ ϵ00. Hence, we consider a solution of the form

Ej(r, z) = Aj(r, z)e
i(ωjt−kjz) (2.19)

where k2j =
ϵrjω

2
j

c2
, and j = 1,2

Substituting Eq(2.17) and Eq(2.18) in Eq(2.19), we get

2ikj
∂Aj

∂z
=
∂2Aj

∂z2
+
∂2Aj

∂r2
+

1

r

∂Aj

∂r
+
k2j
ϵrj
ϕj(

1

2
AjA

∗
j)Aj (2.20)

Making the use of WKB approximations assuming that change in A(r,z) in z direction is
slow in comparison to radial direction Eq(2.20) reduces to

2ikj
∂Aj

∂z
=
∂2Aj

∂r2
+

1

r

∂Aj

∂r
+
k2j
ϵrj
ϕj(

1

2
AjA

∗
j)Aj (2.21)

Introducing Eikonal S(r,z), we can assume the variation Aj(r, z) given as

Aj(r, z) = A0j(r, z)e
−ikjSj(r,z) (2.22)

Putting value of Aj(r, z) in Eq(2.21), and equating real and imaginary parts as

2
∂Sj

∂z
+ (

∂Sj

∂r
)2 =

ϕj

ϵrj
+

1

k2jA0j

(
∂2A0j

∂r2
+

1

r

∂A0j

∂r
) (2.23)

∂A2
0j

∂z
+
∂A0j

∂r

∂Sj

∂r
+ A2

0j(
∂2Sj

∂r2
+

1

r

∂Sj

∂r
) = 0 (2.24)

In Eq(2.23) and Eq(2.24), the first term in RHS represents nonlinear refraction term that
is responsible for self focusing and the second term represents diffraction term responsible
for defocusing. The equation itself determines the convergence or divergence of the beam.
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2.3.2 Finding solution for slowly converging/diverging beams

A rigorous solution of Eq(2.23) & (2.24) is not possible. So, we look for approximate
solution assuming that non-linear and diffraction term in Eq(2.23) are absent. We get,

2
∂Sj

∂z
+ (

∂Sj

∂r
)2 = 0 (2.25)

Substituting Sj to be separable solution,

Sj = Rj(r)Zj(z) (2.26)

and solving for Sj. We get

S(r, z) =
r2

2(zj +Rj)
(2.27)

Eq(2.27) represents approximately a spherical wave where R is radius of curvature of the
wavefront at z=0.
The phase factor of spherical wave is of the form eikρ where ρ is the distance measured
from center of the spherical wavefront. So, from Eq(2.19) and Eq(2.22),

Sj + zj = ρ =
√
r2 + (Rj + zj)2 (2.28)

where center of wavefront lies at z = -R.
Assuming r ≪ Rj + zj, we obtain,

Sj ≈ Rj +
r2

2(Rj + zj)
(2.29)

Not neglecting ∂2A0

∂z2
in Eq(2.21), we would obtain,

Sj = (r2 + (Rj + zj)
2)1/2 − zj (2.30)

For slowly converging/ diverging beams, assuming mathematically convenient solution,

Sj =
r2

2
βj(z) + ψj(z) (2.31)

Using Eq(2.31) in Eq (2.24), we obtain the general solution of A2
0 to be of the form

A2
0j =

E2
0j

f 2
j

Γ(
r

r0jfj(z)
) (2.32)

where Γ is an arbitrary function of its argument.

2.4 Beam Width evolution

Using Eq(2.32), the amplitude distribution of Gaussian beams can be written as,

Aj =
A0j

fj
e
− r2

2r0j
2f2

j (2.33)
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Following the treatment for the beam, let us find out the diffraction and nonlinear re-
fraction term separately and then substitute them in Eq(2.23).

For Diffraction term:

∂Aj

∂r
=
A0j

fj
e
− r2

2r2
0j

f2 (− r

r20jf
2
j

) (2.34)

∂2Aj

∂r2
=
A0j

fj

e
− r2

2r2
0j

f2
j

r20jf
2
j

[−1 +
r2

r20jf
2
] (2.35)

∂2Aj

∂r2
+

1

r

∂Aj

∂r
=
A0j

fj

e
− r2

2r2
0j

f2
j

r20jf
2
j

[−1 +
r2

r20jf
2
] +

1

r

A0j

fj
e
− r2

2r2
0j

f2 (− r

r20jf
2
j

) (2.36)

Therefore,
1

k2A0j

(
∂2A0j

∂r2
+

1

r

∂A0j

∂r
) =

r2

k2j r
4
0jf

4
j

− 2

k2j r
2
0jf

2
j

(2.37)

This is the diffraction term. Now, let us find the nonlinear refraction term.

Applying Taylor series expansion on ϕ(A0jA
∗
0j) about r = 0 and expanding till second

power of r, we obtain

ϕj = ϕj|r=0 + r
∂ϕj

∂r
|r=0 +

r2

2

∂2ϕj

∂r2
|r=0

As we have seen in section 2.2,

ϕj =
ω2
p

ω2
j

(1− 1

γ
)

where γ = (1 +
e2A1A∗

1

2m2c2ω2
1
+

e2A2A∗
2

2m2c2ω2
2
)1/2

ϕj|r=0 =
ω2
p

ω2
j

(1− 1

(1 +
e2A01A∗

01

2m2c2ω2
1
+

e2A02A∗
02

2m2c2ω2
2
)1/2

) (2.38)

Now,

γ2 = (1 +
e2A1A

∗
1

2m2c2ω2
1

+
e2A2A

∗
2

2m2c2ω2
2

) (2.39)

∂γ2

∂r
=

e2A1A
∗
1

2m2c2ω2
1

(
−2r

r201f
2
1

)
e2A2A

∗
2

2m2c2ω2
2

(
−2r

r202f
2
2

) (2.40)

∂2γ2

∂r2
=

e2A1A
∗
1

2m2c2ω2
1

(
−4r2

r401f
4
1

)+(
−2

r201f
2
1

)
e2A1A

∗
1

2m2c2ω2
1

+
e2A2A

∗
2

2m2c2ω2
2

(
−4r2

r402f
4
2

)+(
−2

r202f
2
2

)
e2A2A

∗
2

2m2c2ω2
2

(2.41)
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γ|r=0 = (1 +
e2A01A

∗
01

2m2c2ω2
1

+
e2A02A

∗
02

2m2c2ω2
2

)1/2 (2.42)

∂γ2

∂r
|r=0 = 0 (2.43)

∂2γ2

∂r2
|r=0 = (

−2

r201f
2
1

)
e2A1A

∗
1

2m2c2ω2
1

+ (
−2

r202f
2
2

)
e2A2A

∗
2

2m2c2ω2
2

(2.44)

∂ϕj

∂r
=
ω2
p

ω2
(
1

2γ3
)(
∂γ2

∂r
)

As |A0j| = maximum at r=0,
∂ϕj

∂r
|r=0 = 0 (2.45)

∂2ϕj

∂r2
= −

ω2
p

ω2
j

(
3

2γ4
)(
∂γ2
∂r

)2(
1

2γ
) +

ω2
p

ω2
j

(
1

2γ3
)(
∂2γ2
∂r

)

∂2ϕj

∂r2
|r=0 = −(

ω2
p

ω2
j

)
1

2(1 +
e2A01A∗

01

2m2c2ω2
1
+

e2A02A∗
02

2m2c2ω2
2
)3/2

((
2

r201f
2
1

)
e2A1A

∗
1

2m2c2ω2
1

+ (
2

r202f
2
2

)
e2A2A

∗
2

2m2c2ω2
2

)

(2.46)

Finally, we have

ϕj(A
2
0j) =

ω2
p

ω2
j

(1− 1

(1 +
e2A01A∗

01

2m2c2ω2
1
+

e2A02A∗
02

2m2c2ω2
2
)1/2

)

− (
r2

2
)(
ω2
p

ω2
j

)
1

(1 +
e2A01A∗

01

2m2c2ω2
1
+

e2A02A∗
02

2m2c2ω2
2
)3/2

((
2

r201f
2
1

)
e2A1A

∗
1

2m2c2ω2
1

+ (
2

r202f
2
2

)
e2A2A

∗
2

2m2c2ω2
2

) (2.47)
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The nonlinear term will become,

ϕj(A
2
0j)

ϵrj
=

ω2
p

ω2
j ϵrj

(1− 1

(1 +
e2A01A∗

01

2m2c2ω2
1
+

e2A02A∗
02

2m2c2ω2
2
)1/2

)

− (
r2

2
)(

ω2
p

ω2
j ϵrj

)
1

(1 +
e2A01A∗

01

2m2c2ω2
1
+

e2A02A∗
02

2m2c2ω2
2
)3/2

((
2

r201f
2
1

)
e2A1A

∗
1

2m2c2ω2
1

+ (
2

r202f
2
2

)
e2A2A

∗
2

2m2c2ω2
2

) (2.48)

Using Paraxial approximations: Sj = ψj(z) +
r2

2
βj

2
∂Sj

∂r
+ (

∂Sj

∂r
)2 = 2

∂ψj

∂z
+ β2

j r
2 +

∂βj
∂r

r2 (2.49)

From Eq(2.23), (2.37), (2.48) and (2.49), we get

2
∂ψj

∂z
+ β2

j r
2 +

∂βj
∂r

r2 =
ω2
p

ω2
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Equating the coefficients of r2 in Eq(2.50),
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Let,

aj =
eA0j
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(2.52)

Then eq(2.51) is modified as,
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From above analysis: βj =
1
fj

dfj
dz

Eq(2.53) becomes,
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So, The equations for f1 and f2 becomes,
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The second term in RHS of Eq(2.55) and Eq(2.56) represents the nonlinear or self-focusing
term and is negative. The first term in RHS represents the diffraction term.

Normalizing distance z to ζ = z
Rd1

where Rd1 = k1r
2
01 and simplifying, we get
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It is difficult to solve Eq(2.57) and Eq(2.58) analytically, hence we solve it using python’s
odient function using the boundary conditions:

(i) At z = 0, f1 = f2 = 1
(ii) At z = 0,

df1
dζ

=
df2
dζ

= 0

and for following parameters: ω1 = 1.78× 1015 rad/sec, r0 = 10µm, c = 3× 108m/sec
and for different values of a1 and a2, viz. a1 = (1, 1, 0.03), a2 = (0.01, 0.9, 0.01).
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Chapter 3

Discussion and Conclusion

3.1 Results

Figure 3.1: Evolution of beam width of Gaussian laser beam with distance of propagation for
a1 relativistic and a2 non relativistic at fixed values of r0 = 10µm,

ωp

ω1
= 0.15, w1 = 1.78× 1015

and ω2
ω1

= 1.2

1) A plasma channel created by laser one of high power guides laser two
of low power.

2) When both the lasers are of high intensity, they aid guiding of each
other known as mutual guiding or Cross-focusing.

3) Self-focusing length increases or decreases with power and the inten-
sity at the focus is enhanced because the intensity is directly proportional
to 1

f2
j
. For instance, if fj = 0.1, then E0 becomes 100 times its value.
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Figure 3.2: Evolution of beam width of Gaussian laser beam with distance of propagation for
a1 relativistic and a2 relativistic at fixed values of r0 = 10µm,

ωp

ω1
= 0.15, w1 = 1.78× 1015 and

ω2
ω1

= 1.2

This is a big advantage as even if the second laser has small power in the
beginning but when it gets self-focused its power becomes quite large. So
the nonlinear effect may not be necessary in the beginning but it becomes
important at a later stage.

4) When a1 and a2 are both non relativistic [in fig(3.3)], the beams first
diverge then converge and focusing happens at a very long distance which
is not beneficial.
Whereas, when a1 is relativistic and a2 is non relativistic [in fig(3.1)], the
beams first converge then diverge and the focusing of the beam happens
at much shorter distance which is useful in guiding the beams for longer
distance.
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Figure 3.3: Evolution of beam width of Gaussian laser beam with distance of propagation
for a1 non relativistic and a2 non relativistic at fixed values of r0 = 10µm,

ωp

ω1
= 0.15, w1 =

1.78× 1015 and ω2
ω1

= 1.2

3.2 Conclusion

In the present work, non linear propagation of Gaussian Laser beams in
plasma has been investigated for the phenomenon of Cross-focusing con-
sidering Relativistic non linearity. We investigated the process of plasma
being formed through the process of tunnel ionization. The channel cre-
ation by a high power laser and guiding a low power laser through that
non linear channel has been observed. The problem was approached using
Paraxial ray approximations and WKB approximations. It was examined
that one laser of high power creates a channel of periodic radius, typically
equal to r0f1, f1 is a function of z, so the radius keeps on increasing.When
a second laser beam even of low power travels in this periodic wave guide,
it also gets focused. The physics behind all the results have been tried to
be explained.
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Chapter 4

Future Prospects

The current world record for accelerating electrons using laser plasma is
approximately 350 MeV, which may not seem impressive when compared
to the 50 GeV achieved by the electron/positron beam at SLAC. However,
what makes it remarkable is that this level was attained using only a few
millimeters of plasma instead of several kilometers of super-cooled accel-
erator structure. Although laser-plasma accelerators still have a distance
to cover before they can rival established facilities, the ability to scale up
to Petawatts of power, which is now feasible, will soon turn the tabletop
GeV electron accelerator into a tangible reality. The major requirement
for that is going to be to produce waveguides for laser beam in plasma
that can travel many Rayleigh lengths without getting diffracted.

The researchers today have been able to reach upto 50m optical waveg-
uides by the propagation of femtosecond laser pulses in air [15]. Studies till
now are largely confines to single beam focusing, I considered two beam
focusing. This research can be further worked upon to find the waveguides
to focus multiple beams. The applications are several.
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Abstract

Two laser beams of finite spot size co-propagating through a cap-

illary plasma, modeled as a hollow plasma cylinder, are shown

to undergo non-linear mixing and produce a Terahertz (THz) fre-

quency at the inner surface.

When the two lasers of frequency w1 and w2 travel with the fre-

quency difference in the Terahertz frequency range, then each laser

impart oscillatory velocity to electrons but the Lorentz force (cou-

pling between velocity V⃗ and and magnetic field B⃗) gives rise to

non-linear current and the plasma through the channel, through

which the lasers travel together, becomes like an antenna - a non-

linear current source that radiates Terahertz radiation.
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Chapter 1

Introduction

1.1 Terahertz Radiation

Terahertz radiation, often referred to as T-rays or sub-millimeter radiation,
encompasses electromagnetic waves within a frequency range that falls
between microwaves and infrared light. This range typically extends from
around 0.3 to 3 terahertz (THz). However, it is worth noting that the
upper limit is somewhat subjective, with certain sources considering it to
be as high as 30 THz. [1]

Terahertz radiation occupies a unique region of the electromagnetic spec-
trum and has several distinctive properties. Terahertz waves have rel-
atively long wavelengths, allowing them to penetrate various materials,
including clothing, paper, plastics, and ceramics. They possess lower en-
ergy than X-rays or gamma rays, making them non-ionizing and safer for
biological tissues.

Terahertz radiation can be generated using various techniques. Common
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methods include optical rectification, where a laser beam is passed through
a nonlinear crystal to produce terahertz waves, and photo-conductive switch-
ing, where a semiconductor is illuminated with a laser pulse to generate
terahertz radiation.

[2]

Figure 1.1: Terahertz Radiation in electromagnetic spectrum

While terahertz radiation has promising applications, there are still tech-
nical and engineering challenges that need to be addressed for widespread
adoption. These include developing efficient terahertz sources, improving
terahertz detectors, and addressing concerns related to privacy and safety.

1.1.1 Terahertz Radiation in Astrophysics

THz radiation plays a pivotal role in advancing our understanding of sev-
eral key aspects of astrophysics. Firstly, it provides valuable insights into
the process of star formation. By penetrating dense molecular clouds,
THz radiation allows astronomers to observe the thermal emissions from
warm dust grains associated with star-forming regions. Analysis of these
emissions unveils vital information about the temperature, density, and
composition of these regions, shedding light on the intricacies of stellar
birth.

Secondly, THz radiation helps unravel the mysteries of the interstellar
medium (ISM). By analyzing the spectral signatures of THz emissions from
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molecules such as water vapor, carbon monoxide, and complex organic
molecules, scientists can determine the composition and distribution of
these molecules in different regions of the galaxy. This knowledge aids in
understanding the chemical evolution and the processes involved in the
formation of stars and planetary systems.

Moreover, THz radiation finds applications in planetary science, where
it provides valuable data about planetary atmospheres and surfaces. By
studying THz emissions from planetary atmospheres, researchers can glean
insights into the presence of water vapor and its role in the planet’s hy-
drological cycle. Additionally, THz radiation facilitates the investigation
of planetary surface composition, including the identification of water ice
and various minerals.

Furthermore, THz radiation contributes to the study of the cosmic mi-
crowave background (CMB) radiation, which offers critical information
about the early universe. While the primary range of the CMB lies in the
microwave region, a small fraction extends into the THz regime. Utilizing
instruments like the Planck satellite, researchers have obtained detailed
maps of the CMB across a broad frequency range, including the THz
regime. Precise measurements of the THz portion of the CMB enable the
determination of fundamental cosmological parameters, such as the age,
composition, and expansion rate of the universe.

1.2 Non Linear Optics

Nonlinear optics (NLO) encompasses the study of light behavior in nonlin-
ear media, where the response of the polarization density P to the electric
field E deviates from linearity. This non linearity is typically observed
at extremely high light intensities, reaching the order of 108 V/m, which
is comparable to the atomic electric field of 1011 V/m and is achievable
through laser technology. It is worth noting that beyond the Schwinger
limit, even the vacuum is anticipated to exhibit nonlinear characteristics.
In the realm of nonlinear optics, the superposition principle no longer re-
mains valid. [3][4][5]
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Nonlinear optics explores the intricate connection between the electric field
of light and the response of a medium, which exhibits a nonlinear relation-
ship. This response is influenced by various factors including the wave-
length, intensity, direction, and polarization of the light.

The interaction between the electric field of light and the electrons and
atoms within the medium gives rise to nonlinear behaviors. Under the
influence of high-intensity light beams, the atoms within the medium can
become ionized, causing alterations in the medium’s refractive index and
the emergence of new frequencies. These effects give rise to a range of
optical phenomena, such as frequency mixing, doubling, optical solitons
and parametric amplification.

The advancements in nonlinear optics have played a crucial role in the
advancement of terahertz (THz) technology. This progress has enabled
the generation of broadband single-cycle THz pulses through a process
called optical rectification.

The development of ultra-fast lasers and the continued progress in non-
linear optics have now made it possible to generate intensely powerful
single-cycle THz pulses, with peak electric fields surpassing 107 V/m. The
immense strength of the THz electric field in these ultra-short electro-
magnetic pulses opens up exciting possibilities for exploring new nonlinear
optical effects in the THz spectral range and investigating ultra-fast non-
linear phenomena in the single-cycle regime. [6]

Nonlinear optics explains nonlinear response of properties such as fre-
quency, polarization, phase or path of incident light. These nonlinear
interactions give rise to a wide range of optical phenomena one of which,
Difference-frequency generation is used in this study.
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1.2.1 Difference-Frequency Generation

Difference-frequency generation (DFG) is an intriguing non-linear opti-
cal mechanism that enables the generation of light with a frequency that
corresponds to the difference between two distinct frequencies.

In DFG, two input photons with angular frequencies 1 and 2 combine, re-
sulting in the annihilation of these photons, while concurrently generating
a single photon at the frequency 3. It is important to note that, as is the
case with any phenomenon in nonlinear optics, specific conditions must be
met for this process to take place that are:

1. Light should be interacting with matter

2. Light must have a very high intensity (E.g. A pulsed laser).

Figure 1.2: Difference Frequency Generation

Difference frequency generation is a valuable technique employed in the
generation of terahertz waves. To achieve efficient terahertz wave genera-
tion, specialized photomixers based on semiconductors are utilized. These
photomixers operate by utilizing the terahertz beat note generated from
two closely matched optical frequencies. This beat note causes oscillations
in the carrier density within the semiconductor, which in turn translates
into an oscillating current. Finally, this oscillating current gives rise to the
emission of terahertz radiation.
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1.3 Capillary Plasma for Terahertz radiation gener-

ation

Capillary plasmas are of considerable interest for a variety of applications,
such as, optical guiding of high intensity laser pulses [7][8[9][10], soft X-ray
generation [11], and in the study of wake field structure [12]. A number
of approaches for guiding intense radiation have been employed, including
guiding in hollow capillaries, relativistic channeling, and several types of
plasma wave guides. Ehrlich et al. [9] have demonstrated optical guiding
of high intensity (> 1016W/cm2) laser pulses in straight and curved plasma
channels, where the plasma channel is formed by slow cylindrical capillary
discharge. More than 7.5% of the laser pulse energy propagates up to 11
Rayleigh lengths. Recently Butler et al. [10] have observed guiding of laser
pulses with a peak input intensity above 1017W/cm2 in a hydrogen-filled
capillary discharge wave-guide.

The pulse is guided with low coupling and propagation losses, and with
little special or temporal distortion, over lengths up to 50mm, correspond-
ing to 42 times the measured Rayleigh length. This device is well suited
for applications, such as laser wake field acceleration, requiring the propa-
gation of intense laser pulse through fully ionized plasma. Dorchies et al.
[13] have observed monomode guiding over 100 Rayleigh lengths (10 cm)
of an ultra short laser pulse at intensities up to 1016W/cm2 without inner
wall glass breakdown in hollow dielectric capillary tubes.

Two collinear Gaussian laser beams with frequencies much above the
plasma frequency propagate along the cylinder axis and extend radially
outward into the plasma region. The lasers impart oscillatory velocity to
plasma electrons and exert a ponderomotive force on them at the beat fre-
quency. The ponderomotive force has a transverse component that drives
nonlinear current, producing THz radiation. The lasers also exert a static
radial ponderomotive force that keeps the plasma from creeping in i.e
static component of ponderomotive force inhibits plasma from filling the
vacuum region while beat frequency component produces a non linear cur-
rent (JNL) that drives the difference frequency THz surface plasma wave
(SPW). [14]
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Phase matching for THz surface wave excitation is achieved when the
group velocity of the lasers equals the phase velocity of the beat frequency
SPW.

[15]

Figure 1.3: Capillary Plasma

[16]

Figure 1.4: Two lasers co-propagating inside capillary plasma

1.4 Ponderomotive Force

The ponderomotive force is a nonlinear force experienced by a charged
particle when subjected to an oscillating electromagnetic field with spatial
variations. Unlike in a homogeneous field where the particle oscillates
around an initial point, this force causes the particle to migrate towards
regions of weaker field strength.

This phenomenon arises due to the particle perceiving a stronger force
magnitude during the half of the oscillation period when it resides in the
area with a stronger field. Although the net force during its presence in
the weaker field area during the second half of the oscillation does not
fully counterbalance the net force experienced in the first half, resulting in
an overall movement towards the region with lesser force over a complete
cycle.
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The ponderomotive force Fp is given by:

Fp = − e2

4mw2
∇(E2) (1.1)

which is quantified in newtons (in SI units)

[25]

Figure 1.5: Ponderomotive force generation by laser plasma interaction

In this equation, e represents the electrical charge of the particle, m denotes
its mass, represents the angular frequency of the field’s oscillation, and E
indicates the amplitude of the electric field. It is important to note that at
sufficiently low amplitudes, the magnetic field exerts minimal force. This
equation signifies that a charged particle experiencing an inhomogeneous
oscillating field not only oscillates at the frequency of the field but also
undergoes acceleration due to the ponderomotive force, which propels it
towards the direction of weaker field strength. Notably, in this particular
scenario, the direction of the force remains unaffected by the sign of the
charge on the particle, as indicated by the equivalence of:

((−e)2 = (+e)2)

1.4.1 Ponderomotive Potential

The ponderomotive potential, also known as the ponderomotive energy
or ponderomotive potential energy, arises from the interaction between
charged particles and an oscillating electromagnetic field. It represents the
average potential energy experienced by a charged particle in the presence
of the field.

14



When considering a system of charged particles under the influence of
the ponderomotive force, it is possible to have a gas of such particles
confined by this force. This collection of charged particles is referred to
as plasma. In the presence of an oscillating field, the distribution function
and density of the plasma will exhibit fluctuations at the frequency of the
applied oscillation. Obtaining an exact solution requires solving the Vlasov
Equation. However, it is often assumed that the time-averaged density
of the plasma can be directly obtained by considering the expression of
the force governing the drift motion of individual charged particles as:
[??]

n̄(x) = n0

[
− e

kBT
Φp(x)

]
here Φp is the ponderomotive potential and is given by:

Φp(x) =
m

4w2
[g(x)]2 (1.2)
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Chapter 2

Theoretical and Numerical
Analysis

2.1 Effect of magnetic field in production of Tera-

Hertz Radiation

When two co-propagating lasers are incident on a glass capillary tube, it
results in the creation of plasma with which the lasers react. This elec-
trostatic plasma wave produced by the non-linear mixing of the two laser
waves of frequencies w1 and w2 , and wave vectors k1 and k2 respectively.
The generated wave plasma wave has frequency w and wave vector .

w = w1 − w2

k⃗ = k⃗1 − k⃗2

The process takes place effectively when w ≈wp i.e the plasma frequency
of the plasma.

Lasers can not generate an electromagnetic wave because;

• w,⃗k do not satisfy electromagnetic wave dispersion relation.

• Ponderomotive force generates a longitudinal current ( JNL ∥ k⃗),
hence cannot give rise to excitation of transverse radiation.

16



The situation changes favourably when a plasma has a density ripple nq =
nq0e

ι(qxx+qzz), created by using a laser beam.

Under the ripple, k⃗ of the terahertz wave is k⃗ = k⃗1 − k⃗2 − q⃗ which can
satisfy linear dispersion relation -

k2 =
w2

c2

(
1−

w2
p

w2

)
(2.1)

The non linear current has finite transverse component, perpendicular to
k⃗ that produces electromagnetic Terahertz radiation

2.2 Terahertz production by non-linear mixing of lasers

in capillary plasma in the presence of magnetic

field

Considering two laser beams launched into the capillary with magnetic
field as -

B⃗1 = x̂
k1A1

w1
e−ι(w1t−k1z) (2.2)

B⃗2 = x̂
k2A2

w2
e−ι(w2t−k2z) (2.3)

Figure 2.1: THz production by non linear mixing of lasers in the presence of magnetic field

These lasers impart oscillatory velocities to electrons;

17



V⃗j =
eE⃗j

mιwj
(j = 1, 2, 3...) (2.4)

They also experience a ponderomotive force;

F⃗w = −e

2
(V⃗1xB⃗2

∗
+ V⃗2xB⃗1

∗
) (2.5)

Using this equation of motion we obtain oscillatory electron velocity at
w

m
∂V⃗w

∂t
= F⃗w

=> V⃗w = − F⃗w

mιw
(2.6)

This velocity has frequency w and wave number k1 − k2. It beats with
static density ripple nq to produce non-linear current at w, k where k =
k1 − k2 − q.

⃗JNL
w,k = −1

2
n∗
qeV⃗w (2.7)

The equation of motion then becomes;

m
dV⃗w

dt
= −e

2
(V⃗w1

xB⃗w2
+ V⃗w2

xB⃗w1
)−mνV⃗w − (eV⃗wxB⃗s) (2.8)

Dividing both sides by m we get -

dV⃗w

dt
= − e

m
E⃗w +

F⃗pw

m
− νV⃗w − e

m
V⃗wxB⃗s

=> −ιwV⃗w = − e

m
E⃗w +

F⃗pw

m
− V⃗w textxw⃗c (2.9)

Solving linearized equation of motion;

V⃗w1
=

eE⃗w1

mιw1

V⃗w2
=

eE⃗w2

mιw2
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2.2.1 Ponderomotive Force

For non linear, we obtain the y and z component i.e. Vwy and Vwy

y component:

−ιwVwy = −Vwzxwc +
Fpy

m
(2.10)

z component:

−ιwVwz = Vwyxwc +
Fpz

m
(2.11)

Multiply 2.11 by ±ι and add to 2.10

V NL
wy + ιV NL

wz =
1

−ι(w + wc)

Fpy + ιFpz

m
(2.12)

V NL
wy − ιV NL

wz =
1

−ι(w − wc)

Fpy − ιFpz

m
(2.13)

The ponderomotive force along y and z is given by;

Fpy = −m

2
∇y(Vw1

.V ∗
w2
)

Fpz = −m

2
∇z(Vw1

.V ∗
w2
)

Using ∇y = −2y
r20
, ∇z = ι(k1 − k2) = ιk and linear equation of motion, the

ponderomotive force is obtained as -

Fpy =
y

r20

[
e2E⃗w1

E⃗∗
w2

mw1w2

]
(2.14)

Fpz = −ιk

2

[
e2E⃗w1

E⃗∗
w2

mw1w2

]
(2.15)
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2.2.2 Formulation of non linear velocity and non linear current
density

Non linear velocity:

We use the observed values of Ponderomotive force in 2.12 and 2.13;

V NL
wy + ιV NL

wz =
1

−ιm(w + wc)

[
e2E⃗w1

E⃗∗
w2

mw1w2

] [
y

r20
+

k

2

]
(2.16)

V NL
wy − ιV NL

wz =
1

−ιm(w −+wc)

[
e2E⃗w1

E⃗∗
w2

mw1w2

] [
y

r20
− k

2

]
(2.17)

Adding and Subtracting the two equations we obtain -

Vwy =
e2E⃗w1

E⃗∗
w2

−ιm2w1w2

1

(w2 − w2
c)

[
wy

r20
− kwc

2

]
(2.18)

Vwz =
e2E⃗w1

E⃗∗
w2

m2w1w2

1

(w2 − w2
c)

[
wk

2
− ywc

r20

]
(2.19)

Non linear current:

∵ ⃗JNL = −1

2
n∗
qeV

NL
w ,

∴ Jwy = −1

2
n∗
qe

[
e2E⃗w1

E⃗∗
w2

−ιm2w1w2

1

(w2 − w2
c)

] [
wy

r20
− kwc

2

]

Jwz = −1

2
n∗
qe

[
e2E⃗w1

E⃗∗
w2

m2w1w2

1

(w2 − w2
c)

] [
wk

2
− ywc

r20

]
Additionally,

E⃗w1
E⃗∗

w2
= A01A02e

− r2

r20 e−ι(wt−kz)

=> Jwz = −1

2

n∗
qe

3A01A02

m2w1w2r20

e
− r2

r20 e−ι(wt−kz)

(w2 − w2
c)

[
wkr20
2

− ywc

]
(2.20)
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2.2.3 THz radiation generation from short antenna

The vector potential obtained from the non linear current is denoted by
A⃗(r, t). Although there is a concept of time delay which arises as the laser
wave takes a certain amount of time to travel to the observer. Therefore,
the vector potential is calculated by considering the non linear current at
time t− r

c i.e some time before time t.

Figure 2.2

In addition to this, the integration of non linear current to get the vector
potential at a point of observation is done under the limit where the non
linear current is finite i.e inside the cylindrical capillary (which acts as an
antenna).

From the figure, it is noted that A⃗ at distance r⃗ due to J⃗NL at r⃗′ is
dependent on R⃗.

R = |r⃗ − r⃗′|
= (r2 + r′2 − 2r⃗.r⃗′)

1
2

= r(1− 2r⃗.r⃗′

r2
)
1
2

Using Binomial expansion,

≈ r(1− r⃗.r⃗′

r2
)
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=> R = r − r⃗r⃗′

r

As r⃗.r⃗′ = xx′+yy′+zz′, we use cylindrical and spherical polar coordinates
-

Cylindrical polar coordinates -

x′ = r′Cosϕ′, y′ = r′Sinϕ′, z′

Spherical polar coordinates -

x = rSinθCosϕ, y = rSinθSinϕ, z = rCosθ

=> R = r − 1
r [rr

′SinθCosϕCosϕ′ + rr′SinθSinϕSinϕ′ + rz′Cosθ]

∴ R = r − [r′SinθCos(ϕ′ − ϕ)− z′Cosθ] (2.21)

Hence, the vector potential obtained is -

A⃗(r, t) =
µ0

4π

∫
J⃗
(
r′, t− R

c

)
R

dV (2.22)

A⃗(r, t) =
µ0

4π

∫
1

2R

n∗
qe

3A01A02

m2w1w2r20

e
− r′2

r20 e−ι(wt−kz′)

(w2 − w2
c)

[
wkr20
2

− y′wc

]
dV (2.23)

Putting all the obtained values

A⃗(r, t) =
µ0

4π

[
n∗
qe

3A01A02

m2w1w2r20

] [
e−ι(wt−wr/c)wc

(w2 − w2
c)

]
∫ 2π

0

∫ l

0

∫ a

0

[
e
− r′2

r20 e−ιwc (r
′SinθCos(ϕ′−ϕ)+z′Cosθ)eιkz

′
r′
]
dr′dz′dϕ′ (2.24)

The integral term can be written as -∫ 2π

0

∫ l

0

∫ a

0

[
e
− r′2

r20 e−ιwc (r
′SinθCos(ϕ′−ϕ)e−ι(wc Cosθ−k)z′r′

]
dr′dz′dϕ′]
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The integral is then solved to obtain the vector potential.

The magnetic field B⃗ can also be calculated using ∇.A⃗ = − ιw
c (r̂xA⃗)

Poynting Vector -

S⃗avg =
B⃗.B⃗∗

2µ0
cr̂

This quantity is normalized to obtain this form -

Savg

S1
=

1

32

(
nq

n0

)2(
eA

mwc

)2(
wp

w1

)2(
wp

w2

)2(
w

wc

)2
1[

1− (wc

w )2
]2

x
1(

Rw
c

)2
[
1− Cos[wl(Cosθ−k)

c ]

(Cosθ − k)

]
x

[
1− e−a2/r20 − w2

4c2
r20Sin

2θ

(
1 +

a2

r20

)]
Sin2θ

(2.25)

Furthermore, power of the laser is obtained by

PLa = Savgx(area) = Savgxπa
2

=> PLa =
1

32

(
nqA01A02e

3

m2w1w2ϵ0

)2
c

2
πa2

w2

(w2
c)

2

1[
1− (wc

w )2
]2 1(

Rw
c

)2
x

[
1− Cos[wl(Cosθ−k)

c ]

(Cosθ − k)

]
x

[
1− e−a2/r20 − w2

4c2
r20Sin

2θ

(
1 +

a2

r20

)]
Sin2θ

(2.26)
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2.3 Results

To obtain the result, the CO2 lasers are taken with frequencies w1 =
2.2x1015 rad/sec, w2 = 2.2x1015 rad/sec. The corresponding wavelengths
will be λ1 = 0.9µm and λ2 = 0.8µm. The magnetic field is taken in the
order of 105 G. The peak intensity is taken is 104 W/m2.

eA
mwc = 0.8,

nq

n0
= 0.3,

wp

w1
= 20, wc

w = 0.9, a
r0
= 2, r0 = 5µm,

R = 1cm, L = 10a, θ = π
2

Plotting the graph

Figure 2.3

The result obtained shows that the output laser power is 10−3 times com-
pared to the input laser power. When Terahertz frequency w is euqal to
the plasma frequency wp. Additionally as the magnetic field increases, THz
power also increases and obtains a maximum value at a higher magnetic
field.

The static density ripple n∗
q is included as it enhances a higher yield to

get proper phase matching. The amplitude of THz resonately depends on
wave number and the factor q.
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Chapter 3

Discussion and Conclusion

At certain angles, the THz antenna created by the non linear of two lasers,
gives a large THz radiation. The behaviour of this radiation with w is
studied along with the ratio of power conversion i.e by how many orders
the magnitude s smaller. This is generally found out to be 10−3 / 10−4.
In some cases, it may be obtained a little less and in such cases, the power
can be enhanced if we consider an antenna array.

To create a plasma channel, capable of guiding THz radiation, one needs
laser spot size r0 > c/wp. The THz spot size decreases with increasing laser
amplitude as more electrons are expelled from axial region. The phase
matching condition for resonant THz generation by non linear mixing of
lasers is satisfied at a specific ratio of THz frequency to plasma frequency
wp. The frequency of resonant THz excitation decreases with the laser
intensity.

In case of short pulses, THz in the main body of the pulse is produced by
the ponderomotive force induced current.
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Chapter 4

Future Prospects

The future prospects for developing terahertz (THz) radiation through
nonlinear mixing of lasers in capillary plasma under the effect of magnetic
field are highly promising. This approach leverages the unique properties
of plasma and the nonlinear optical effects that occur in the semiconductor
material.

The use of capillary plasma as the nonlinear medium offers several advan-
tages for THz generation and the development of THz radiation through
nonlinear mixing in capillary plasma holds immense potential for future
applications. THz waves have unique properties that make them valuable
for numerous fields, including communications, imaging, spectroscopy and
sensing.

1. Thz radiation can be used increasingly in detection of explosives like
RDX, which have their vibration in the THz range. Therefore, if
such radiation falls on them, it gets deflected thereby indicating the
presence of such materials.

2. THz radiation can also be used to perform medical diagonosis which
is otherwise done through x-rays. If the power of radiation is sig-
nificantly high, it can be used to detect problems inside the human
body as its photon energy is much lesser than that of the x-rays and
hence it is comparatively very less harmful on human issues hence
dismissing chances of bad impacts on the body.
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3. THz radiation can even be used in the field of astrophysics to detect
the presence of water in unknown regions through spectroscopy.

Researchers are continuously exploring novel approaches to enhance the
efficiency, power, and tunability of THz sources based on nonlinear mixing
in capillary plasma. Advances in laser technology, waveguide design, and
resonant cavity structures are expected to contribute to further improve-
ments in THz generation. Additionally, efforts to optimize the performance
of capillary plasma based materials will aid in pushing the boundaries of
THz radiation generation.

In conclusion, the future prospects for developing THz radiation using non-
linear mixing of lasers in capillary plasma under the effect of magnetic field
are highly promising. This approach capitalizes on the unique properties of
plasma antenna, enabling efficient and tunable THz generation for a wide
range of applications. Ongoing research and technological advancements
are anticipated to unlock even greater potential for THz technologies in
the coming years.
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allocated tasks successfully on time.
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