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STUDY ON A RESEARCH PAPER 

 

The project begins with a Study on “Analysis on research paper “an analytical solution for 

fully developed forced convection in triangular ducts”. This paper presents an exact analytical 

solution for fully developed convective heat transfer in equilateral triangular ducts under 

constant heat flux at the walls. Here, the finite series expansion method is used to derive the 

closed form of dimensionless temperature distribution. 

  

The paper begins with continuity, momentum and energy equations of incompressible fluid flow 

and heat transfer in a duct with equilateral triangular cross section. Then non dimensional 

parameters are introduced and dimensionless form of heat transfer equation and main flow 

velocity equation are obtained. Substituting dimensionless form of main flow velocity into 

dimensionless form of heat transfer equation, the heat transfer equation of a fully developed flow 

in a straight duct with equilateral triangular cross section is obtained. Then a fifth order finite 

series is considered for temperature distribution and substituted to heat transfer equation, same 

order terms are compared and unknown coefficients are achieved. Finally, non-dimensional 

temperature profile is obtained and graphs are plotted using mathematica.  

 

In this paper the non-dimensional temperature profile is obtained as 

𝑇(𝑦, 𝑧) =
10

27
(𝑧 −

3

2
) (9𝑦4 + 6𝑦2𝑧2 − 18𝑦2𝑧 − 3𝑧4 + 6𝑧3) 

Using the obtained temperature distribution, the Nusselt number is calculated as 28/9. 
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EXTENSION OF THE RESEARCH PAPER 

The above studied paper was extended for an elliptical duct instead of triangular duct. 

The governing energy equations and the non-dimensional parameters of the problem can be 

expressed same as the base paper. In addition to that, we have: 

                                                𝑎 =
𝑎̃

𝑑ℎ
,    𝑏 =

𝑏̃

𝑑ℎ
,      η =

𝑏̃

𝑎̃
=

𝑏

𝑎
                                   (1)                  

where ã & b̃ are the semi-major and semi-minor axes of the elliptical cross section and aspect 

ratio (η). The hydraulic diameter dh: 

                                                                 𝑑ℎ =
4𝐴̃

𝑃̃
=

π𝑏̃

𝐸(𝑒)
                                       (2)                                               

where ‘e’ is the eccentricity of the ellipse. The function E is the complete elliptical integral: 

      𝐸(𝑒) = ∫ √1 − 𝑒2𝑠𝑖𝑛2𝜃𝑑𝜃
π/2

0

                    

Further, following the same procedure as done in base paper, we obtained the main flow velocity 

and flow rate of rectilinear flow in duct with elliptical cross-section as 

𝑢̃(𝑦, 𝑧) =
1

2μ
(−

𝑑𝑝

𝑑𝑥̃
) (

𝑎2̃𝑏2̃

𝑎2̃ + 𝑏2̃
)(1 −

𝑦2̃

𝑎2̃
−
𝑧2̃

𝑏2̃
) , 

                                                𝑄̃ =
π

4µ
 (−

𝑑𝑝 

𝑑𝑥 
) (

𝑎3̃𝑏3̃

𝑎2̃ + 𝑏2̃
)                                                                    

The bulk velocity (ũb) can be obtained as: 

                                            𝑢𝑏̃ =
𝑄̃

𝐴
=

1

4μ
(−

𝑑𝑝

𝑑𝑥̃
)

𝑎 2𝑏 2

𝑎2̃ + 𝑏2̃
                                                                   

Based on the above two velocity equations, the main flow velocity can be expressed as  

                                                             𝑢 = 2(1 −
𝑦2

𝑎2
−
𝑧2

𝑏2
)                                                                  

The heat transfer equation of fully developed flow in a straight elliptical pipe is obtained: 

                                                  
∂2𝑇

∂𝑦2
+
∂2𝑇

∂𝑧2
= 8(1 −

𝑦2

𝑎2
−
𝑧2

𝑏2
)                                                      

Based on the definition of dimensionless temperature, the boundary condition                                                    

at 
𝑦2

𝑎2
+

𝑧2

𝑏2
= 1;  𝑇 = 0  
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CLOSED FORM SOLUTION 

We assume the temperature distribution T(y, z) as follows: 

                             𝑇(𝑦, 𝑧) = (𝐶1𝑦
4 + 𝐶2𝑧

4 + 𝐶3𝑦
2 + 𝐶4𝑧

2 + 𝐶5𝑦
2𝑧2 + 𝐶6)                           

Based on the Eqs. (15) and (16), we obtain: 

              𝑎2 =
𝑎2̃

𝑑ℎ
2 = (

𝐸(𝑒)

π
)
2 1

η2
,    𝑏2 =

𝑏2̃

𝑑ℎ
2 = (

𝐸(𝑒)

π
)
2

                                                 

After finding the values of unknown coefficients the final non-dimensional temperature is 

𝑇(𝑦, 𝑧) = −2 (
π

𝐸(𝑒)
)
2

(
1

3(η6 + 7η4 + 7η2 + 1)
) {η4(η4 + 6η2 + 5)𝑦4 + 

       (5η4 + 6η2 + 1)𝑧4 − 2(
𝐸(𝑒)

π
)

2

[η2(3η4 + 16η2 + 5)𝑦2 + 

                                       ( 5η4  +  16η2  +  3 ) 𝑧2] + 6η2(η4 + 2η2 + 1)𝑦2𝑧2 + 

                                                                                         (
𝐸(𝑒)

π
)
4
(5η4 + 26η2 + 5)}                                                                                                                                                                                                                                                 

By substituting y = 0 and z = 0 in above equation, we get the value of dimensionless temperature 

at the center of cross section as: 

                                              𝑇𝑐 = −(
𝐸(𝑒)

π
)

2
2(5η4 + 26η2 + 5)

3(η4 + 7η2 + 7η2 + 1)
                                            

The value of E(e) can be approximately calculated as 

 

                             𝐸(𝑒) ≈
π

4
(η + 1) [1 +

3𝑠

10+√4−3𝑠
],    where   𝑠 =

(1−η)2

(1+η)2
                                 

Thus, the approximate value of Tc obtained as 

 

                      𝑇𝑐 ≈
(5η4 + 26η2 + 5)(η + 1)2

24(η4 + 7η2 + 7η2 + 1)
× [1 +

3𝑠

10 + √4 − 3𝑠
]
2
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Figure 3: Variation of absolute value of temperature 

at the centre of elliptical duct with the aspect ratio 

 

 In conclusion, the insights gained from this paper reaffirm the critical role of exact analytical 

solution. Further extensions can be done by introducing Q is heat source effects.  
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